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Introduction

e An understanding of curves is a key to
understanding surfaces since most mathematical
methods for curves can be extended to surfaces

 An important term in the field is interpolation
which comes from Latin inter (between) and
polare (to polish)
e It means to compute new values that lie between
(or that are an average of) certain given values
e Another important term is approximation

» Compute a curve or a surface that passes close to
the control points but not necessarily through them




Curves and Surfaces

e Often we are required to represent surfaces that
are not planar in nature.

 To do so the parametric representation of 2-
dimensional curves and 3-dimensional surfaces
may be employed.

e In general for any surface or curve, there is both a
parametric and an implicit representation.

e In computer graphics it is often more convenient
to adopt the parametric form.




Sphere definition

e For example, the implicit form of a sphere Is:
X2 +y?+2°-r*=0

e [In general all implicit representations of a 3-d
surface are of the form:

f(x,y,2)=0

e The parametric form of a sphere is:

f:(6,9) — (cos&cos @,sin &, cosfsin ¢)




Parametric form

 The general form of a 3-d surface in its parametric
(or explicit) representation is:

f(u,v)=(f (u,v), f (uv),f (u,v))

e When rendering such curves and surfaces using
polygons, the parametric representation is more
convenient as the surface is defined in terms of a
parametric variable or variables.

e This allows the exact determination of the value
of the surface at regular intervals, thus allowing
an approximation to the surface by taking a
number of such “samples”.




Example - 1

 Determine the representation of the function f(6)
= sin( ).

e This Is a parametric description of a curve in 2

dimensions with parameter 6.

e This is an example of an unbounded curve (in
that we can take values of 6 from -c...+0. We’ll
limit our curve to the domain (0...2x). This gives

the following curve:

/




Example - 2

e Now we must determine how fine or coarse a representation we
need to use in order to faithfully capture this curve.

 We will sample the curve at regular intervals of 6 along the
length of the curve. In this example, the curve will be sampled
at regular points a unit distance apart (i.,e.at6 =0, 1, 2...).

e This yields the following sample points which we will join by
straight lines which is the way the curve will be finally displayed
on the raster:




Surfaces

 Note that the final representation is not very
smooth. If the intervals are chosen carefully,
however (for example, by relating the interval
distance to the size of a pixel of the raster), then
the curve representation will appear continuous

and smooth.
e This technigue may be extended to surfaces in
the same manner (surfaces require 2
parameters):
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Representing Curves

There are many different methods of representing
general curves (rather than attempt to model all
surfaces as some existing function, say a Sine or
Cosine). The most common are:

e Cubic Splines

e Bezier Curves

* B-splines

* NURBS and B-splines




/

Interpolation vs. Approximation

e Given a set of n points, to create a curve we either

* interpolate the points (curve passes through all points)

e approximate the points (points describe convex hull of curve)
e Points on curve = knot points
e Points on convex hull (off curve) = control points

Control points

/

knot points

Convex hull
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Splines

e To interpolate we can use a simple polynomial
spline. With n points we require a polynomial of
degree n-1 (order n polynomial).

e Let f(u) be the parameterised polynomial where 0
<u<l

f(u)=au+b f(u)=au?+bu+c f(u)=au®+bu®+cu+d
l N

Linear Quadratic Cubic




Splines

 These polynomials are plots of f(u) with respect to
u

e for each u, there is one and only one f(u)
—curve cannot turn back on itself
e Use polynomials for each axis (in 2D we have 2

polyS)Z X(U)= axu3 +bXU2 +C, U+ dx

. 3 2
y(u)=a,u®+bu®+cu+d,

 As before we limit u to [0,1], although the
polynomial is defined for all values of u.




p(u)

C =

0.2 0.4 0.6 0.8 1 0.1 0;.2 0.3 0.4 0.5 0.6 0.7
U s e o
o) x(u)
x(u)=au®*+bu’+cu+d =|
o 2 U
y(u)=a,u®+bu®+cu+d, 3




4 )
SpllneS 12 unknowns

_ . . 4 3D points required
e For a 3D spline, we have 3 polynomials:

\
> xu)=au®+bu®+cu+d,

—p(u)=uc

y(u)=au®+bu’+cu+d, +—[x(u) yu) 2u)=[u® v u 1

z(u)=a,u®+bu’+cu+d, |

 Defines the variation in x with
distance u along the curve




Splines

e If we have more than 4 points we require a
polynomial of higher degree
* higher degree polynomials are more difficult to control
e they exhibit unwanted wiggles (oscillations)

Quadratic Cubic Quartic Quintic




Splines

e [In general we use cubic polynomials for
curves in CG:

* minimal wiggles and faster to compute than high
degree polynomials

* lowest degree which allows non-planar curves
(quadratics require 3 points, 3 points always lie in
the same plane)




Defining the Cubic Spline

e Normally we supply 4 points we wish the spline to pass
through.

e If we have more than 4 points we must employ more
than 1 spline = use a piecewise cubic polynomial

e for n points, we have (n-1)/3 individual cubic segments
» without further constraints these will not join smoothly
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Curve Continuity

e To ensure a smooth connection between curve segments we
enforce further continuity constraints

e 2 types of continuity:
e parametric continuity, denoted C" where n = degree of continuity
e geometric continuity, denoted G"

e Given a curve such that at point p, 2 segments c,(u) and c;,,(u)

meet then:
P=C (1) = Ci+1(0)
o o) _dau@)] gl )] d'c)
dun u=1 dun u=0 dun u=1 dun u=0

differentials are equal differentials are proportional




Curve Continuity

Two curve segments,
R, with only C? continuity
O\\

S, S, Two curve segments,
with tangent vector (C') continuity

I
———

Note collinearity




Examples of Continuity
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Cubic Parametric Curves

e A curve segment p(u) is defined by constraints on
end-points, tangent vectors, and continuity
between curve segments.

e Each cubic polynomial has 4 co-efficients, so four
constraints will be needed.

e Remember:

x(u)=au®+bu®+cu-+d,

y()=au®+bu?+cu+d t—>[xu) yu) zu)=lu® v’ u 1] —p(u)=uc

o O T Q2

< < < <

z(u)=a,u®+bu’+cu+d, |

e This allows us to formulate 4 equations in the 4
unknowns, and then solve for the unknownes.




Geometry Matrix

To see how the co-efficients can depend on 4
constraints, recall that a parametric cubic curve is
defined by p(u)=u-C

Rewrite the co-efficient matrixas C=M.G where M

IS a 4x4 basis matrix, and G is a 4-element matrix of
geometric contraints, called the geometry matrix.

The geometric contraints are just the conditions, such
as endpoints, or tangent vectors, that define the
curve.

» Gy refers to the column vector of just the x components;
Gy and G; are similarly defined

G or M, or both G and M, differ for each type of
curve.




Geometry Matrix

e The elements of G and M are constants so the
product G.M.u is just three cubic polynomials in u.

e Expanding: I TG,

12 m13 14 Gl
p(u)=[x(u) y(u) z(u)]

22 23 2

32 33

I
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cl\)
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42 43 4

m, m, m; My J1x gly 01,
1m m m m O« 9,y 0O,
:[u3 G U 1_ 21 22 23 24 X y ,
m31 m32 m33 m34 g3x g3y g3z
| My My, My, m44__g4x 9ay 942_




Blending Functions

e We can read this equation in the following way:

o Multiplying out just x(u) gives:

3 2
x(u) = (u’m, +u°m,, +umy, +m,)g,, +
3 2
(u’m, +u°m,, +umg, +m,,)g,, +
3 2
(U”my; + UMy, +UMyy +My3) 0y, +

3 2
(u m14 +Uu m24 + um34 + m44)g4x




Blending Functions

This emphasizes that the curve is a weighted sum of the
elements of the geometry matrix.

The weights are each cubic polynomials of the
parameter u, and are called the blending functions.

The blending functions B are given by u-M

This is similar to linear interpolation, for which only two
geometric constraints (i.e. the endpoints of the line) are
needed.

Parametric cubics are really just a generalization of
straight-line approximations:
* The cubic curve p(u) is a combination of the 4 rows of the

geometry matrix, whereas the line is an affine
combination of 2 points.




Sample Blending Polynomials

The Bernstein
polynomials,
weighting functions
for Bézier curves




Hermite Curves

* The key to defining a parametric cubic curve
therefore lies in the basis matrix M.

e Depending on the nature of this matrix, specific
forms of curves may be created.

 The Hermite form of a cubic polynomial curve
segment is determined by constraints on the
endpoints P» and P4, and tangent vectors at the
endpoints R1 and Ra.




Hermite Curves - Examples

Only the direction of R, varies
Rl (\ @
P, !
P1
R4

/' Only the magnitude of R, varies




Hermite Geometry Vector

e The Hermite Geometry vector G is G —
H

e G,, Isthe x component of G so:

0 U,
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Hermite Curves

e The Hermite basis matrix, M,,, relates the Hermite
Geometry vector G, to the polynomial co-
efficients.

e Therefore:

x()=at’+bt°+ct+d =T-M, -G,

owhere-r:[t3 t2 t 1]




Hermite Curves

e The constraints on x(0) and x(1) are found by
direct substitution into the previous equation:

x(0)=[0 0 0 1M, -G, =P,
X(l):[l 11 1]'MH'GHx:P4x




Hermite Curves

e The tangent vector constraints on x(0) and x(1)
are found by differentiation, i.e:

X@t)=[32 2t 1 o|™m,-G,,
¢ SO: X'(0)=R,=[0 0 1 0]-M, -G,

e and X()=R,, =[3 2 1 0]M, -G,




Hermite Curves

e The four constraints can be written in matrix form

as. P, ] 0 0 0 1]
A 11 1 1
=Gy = My -Gy,
R, 00 1 0
R, | 3210

 The only way that this equation can be satisfied is
If M, Is the inverse of the given 4x4 matrix, so:

_ —-1 _ —

000 1 2 -2 1 1
1111 |-3 3 -2 -1
MH: —
0010 0 0 1 0
3210 |1 0 0 O




Hermite Blending Functions

e We know that:

p(t)=T-M,, -G,

e The Hermite blending functions B, are given by T-M,
, since these weight the geometry vector G,,.

e Therefore:
p)=T-M, G, =B, -G, = (2'[3 —3t° "'1)P1+

(— 2t° + 3t2)P4 +
(t°-2t° +1)R, +
(t3 _tz)R4




Hermite Curves - Blending Fuctions

f(t)

1

Labels show
which geometry
element is
weighted.




Bézier Curves

 The drawback of the Hermite form is the need to
explicitly specify the tangent vectors.

e The Beézier form of the cubic polynomial curve
segment indirectly specifies the endpoint tangent
vector.

e Such curves are constrained by their endpoints:
P, and P,, and also by intermediate points that
are not on the curve: P, and P,.

e The starting and endlng tangent vectors are
determined by the vectors P,P, and P,P, and are
related to the Hermite R, ané R, by:

R, =p'(0)=3(P,—-P)
R4 = p'(l) — 3(P4 - Ps)




Examples of some Bézier Curves

Convex Hull




Bézier Curves

e The reason for using the constant 3 is apparent
from the following:

e Consider the Bezier curve defined by the 4 equally
spaced points: (0,0), (0,1), (0,2), (0,3).

P, P, P, P,

e This curve has the definition: p(t)=P +t(P,-PF)
* Therefore: p(t)=p,-P

e If velocity is to be constant everywhere on the line
(the tangent vectors to the curve):

Rl — p'(O)= P4_P1 :S(PZ_Pl)
R4 — p'(l): P4_P1 :3(P4_P3)




/

Bézier Geometry Vector and Change of

Basis P
e The Bézier geometry vector is: G P,
B P3

_P4_

e A change of basis matrix Mgz defines the
relationship between the Hermite geometry
vector G,, and the Bézier geometry vector G; as
follows:

P11 0o o0 ofP
Pl |0 0o o 1|PR
=R 17123 3 0 ofp |TMweCe
1 o 3
R, |0 0 -3 3|P,




Bézier Basis Matrix

e To find the Bezier basis matrix, Mg, consider:
p()=T-M -G,

=T-M, '(MHB 'GB)

=T-(M; -Myg)-Gg

=T-M, -G,

e Therefore, we simply calculate:

MB:MH'MHB:

-3 3

1

0

3
0
0

o O O -




Bernstein Polynomials

e We now have:

pt) =T -M_ -G, = 1-1)°P, +

3t(1-t)°
3t (1-t)
t°P,

D
> T

D
3+

e The four weights are known as the Bernstein

Polynomials




|_abels show
which geometry
element is
weighted.




General Bernstein Form for Bézier A

Ccurves

e The Bezier curve p(t) based on the (L+1) points
Py,P1,-.-,P_ IS given by:

p(0)= 3 RBL()

« where B, (t) are the Bernstein polynomials,
and the k-th Bernstein polynomial is defined as:

L L
B|<L(t)=(kj(1—t)”tk and (k]:k!(LLik)!forLZK

/




Joining Segments

e Consider the following two Bezier curve segments,
joined at P,:

P

 Points P4, P, and P are collinear




Curve Continuity

o G! continuity is provided at the endpoint when
P,—P,=k(P,-F,),k>0

e |.e. the 3 points P;, P, and P, must be distinct and
collinear.

e In the more restrictive case when k=1, there is C?
continuity in addition to G! continuity.




Convex Hull Property

* The Bernstein blending polynomials are everywhere
non-negative.

e |[n addition, their sum is everywhere unity (i.e. 1).

e Thus, each curve segment, which is just the sum of
four control points weighted by the polynomials, is
completely contained within the convex hull of the
four control points.

nvex Hull
° Convex Hu




Convex Hull Property

e The convex hull for 2D curves is the convex
polygon formed by the 4 control points (e.g.
ike a rubber band around them)

e For 3D curves, the convex hull is the convex
polyhedron formed by the control points
(e.g. like cling-fiim stretched around them.)

e The convex hull property holds for all cubics
defined by weighted sums of control points
If the blending functions are nonnegative
and sum to one.




Convex Hull Property

e One advantageous result of the fact that
the blending polynomials sum to 1, is that
the value of the fourth polynomial can be
found by subtracting the first three from 1.

* The convex hull property is useful for
clipping and collision detection, where we
can perform tests on the convex hull of a
curve before having to perform expensive
iIntersection tests.




B-splines

e A Cubic B-spline approximates a series of m+1
control points R, R....F,,m=3

e [t does this with a curve consisting of m-2 cubic
polynomial curve segments Q,,Q,,..Q,

e Such cubic curves might be defined each on its
own domain 0<t<l1

e However, we can adjust the parameter (i.e.
t=t+k) so that the parameter domains for the
various curve segments are sequential.




B-splines

e Thus, we can say that the parameter range on
which Q; is defined is:

t <t<t, ,,for3<i<m

i+1?

e In the particular case of m=3, there Is a single
curve segment Q3 that is defined on the
Interval t, <t<t, by four control points, P, to Ps.




KNots

e For each i1>4, there Is a join point or knot
between Q. , and Q, at the parameter value t
e t.is called the knot value.

e The Initial and final points at t; and t.,, are also
called knots, so there are m-1 knots in total.




Knots and Control points

® Kknots
® controls




Uniform Nonrational B-splines

 The term uniform means that the knots are
spaced at equal intervals of the parameter t.

e Then, t;=0 and the interval t_,-t=1.

e The term nonrational is used to distinguish these
splines from rational ones, discussed later.

e The "B" stands for Basis, since the splines can be
represented as weighted sums of polynomial
basis functions.




B-spline Geometry Vector

e Each of the m-2 curve segments is defined by
four of the m+1 curve points.

e Thus, the B-spline geometry vector for curve

segment Q, Is:

GBsi -

R_3




B-spline Definition

* Q,;is defined by points P, through P; over the
parameter range t,=0 to t,=1.

e Q, is defined by points P, through P, over the
parameter range t,=1 to t.=2

* Q. Is defined by points P _; through P, over the
parameter range t,,=m-3 to t.,,;=m-2.

e In general, curve segment Q, begins somewhere
near point P,_, and end somewhere near point P, ;.




Local Control

e Each control point (except those at the start and
end of the sequence) influences four curve
segments.

e Moving a control point in a given direction moves
the four curve segments it affects in the same
direction.

e The other curve segments are totally unaffected.

e This is called local control and is the major
advantage of B-splines over natural
(interpolated) splines.




B-Spline formulation

o Let: Ti:[(t_ti)3 (t—t)° t—ti 1]

 Then the B-Spline formulation for curve segment i
IS:

Ql(t) :Ti 'MBS 'GBsi ’ti <1 <ti+1

 The entire curve is generated by applying this
equation for each segment.

L <t<t,




The B-spline basis matrix

e The B-spline basis matrix relates the geometrical
constraints G, to the blending functions and the
polynomial coefficients:

-1 3 -3 1
113 -6 3 0
MBS — =
6|-3 0 3 0
1 4 1 0

e We will not derive it here




B-spline blending functions

e The B-spline blending functions are exactly the
same for each curve segment:

e For each segment i, the values of t-t; range from 0
att=t, to 1 at t=t ;.




B-spline blending functions

 If we replace t-t, with t, and replace the interval [t,t;, ]
with [0,1], then the B-spline blending functions Bg, are
given by:

BBs =T1-M Bs — [BBS_3 BBS_2 BBs_1 BBSO ]

12 43t2-3t+1 3t°—6t°+4 —3t2+3t°+3t+1 t°]

(1-1)° 3t-6t2+4 —3t2+3t°+3t+1 t3o<t<1




B-splines

e SO:

Qi (t_ti) = GBsi -M Bs 'Ti :GBsi ) IVIBs T
= GBsi -Bg, = BBs_3 B3+ BBs_2 B, + BBs_l'Pi—l T BBSO B
_1\3 3 42
(1-1) I:)i_SJFSt 6t+4¢1[_33+&2+m+1

6 6 6
0<t<l.

3
P.+—h,
6




B-spline continuity

 We can show that Q, and Q,, are C° C! and C=?
continuous when they join:

e Consider the x components of the adjacent
segments (y and z are analogous).

* We need only show that at the knot t ;,;, where they

join:
Xi (ti+1) — Xi+l (ti+1)1 i Xi (ti+1) — i Xi+l (ti+1)
dt dt
and
d? d*
F X; (ti+1) — W X (ti+1)




B-spline continuity

 The additional continuity afforded by B-splines is
attractive, but it comes at the cost of less control
of where the curve goes.

e We can force the curve to interpolate specific
points by replicating control points P, =P, =P
e E.g. If a control point is used 3 times, say:

e Then: Qi (t) = Pi—3 ' BBs_3 + P| '(BBs_2 + BBs_1 + BBSO)

e Curve segment Q, is clearly a straight line.




Nonuniform, Nonrational B-splines

e The difference with nonuniform nonrational B-
splines is that the parameter interval between
successive knot values need not be uniform.

e The non-uniform knot-value sequence means
that the blending functions are no longer the
same for each interval, but vary from curve
segment to curve segment.




Non-uniform splines

 The advantage of non-uniform splines is that the
continuity as selected join points can be reduced right
down to none, if desired.

e If the continuity is reduced to C°, then the curve
Interpolates a control point.

e This is without the undesirable effect of uniform B-
splines, where the curve segments on either side of the
Interpolated control points are straight lines.

e |[n addition, starting and ending points can be easily
iInterpolated exactly, without at the same time
iIntroducing linear segments.




Knot-value sequence

e We need a slightly different notation for non-
uniform splines:

* Again, the spline is a piecewise continuous curve
made up of cubic polynomials, approximating the
control points P,to P,,..

* The knot-value sequence is a nhondecreasing
sequence of knot values t, to t. ., (I.e 4 more knots
than control points)




Knot Multiplicity

e The only restriction on the knot sequence is that it
be nondecreasing, which allows successive knot
values to be equal.

e When this occurs, it is called a multiple knot, and
the number of identical parameter values is
called the multiplicity of the knot.

e E.g. In the knot sequence (0,0,0,0,1,1,2,3,4,4), knot
value 0 has multiplicity 4, values 1and 4 have
multiplicity 2, and 2 and 3 have multiplicity 1.




Curve segment definition

e Curve segment Q, is defined by control points:

Pos B R R
e and by blending functions:

B, 5,(t), B, ,(t), B, (1), B; ,(1)
e AS:

Q (t) B 34(t)+P| ZBl 24(t)+P| 1B| 14(t)+PBI4(t)
3<i<mt <t<t ,




Curve segment definition

e When t=t,,, (a multiple knot), curve segment Q; is
a single point.
e Itis this idea of a curve segment reducing to a

single point that provides the extra flexibility of
non-uniform B-splines.

e There is no single set of blending functions, as
they depend on intervals between knot values,
and are defined recursively in terms of lower-
order blending functions.




-

Non-uniform B-spline Blending functions

1Lt <t<t
Bi’l (t) :{ [ -I+1

0, otherwise

t—t t ., —t
B.(t)=—B.,(t) + —* B....(t
|,2( ) ti+1 _ti |,1( ) ti+2 _ti+1 |+1,1( )
-t £t
B 5(t) = 4 Bi,z(t)+t : ' Bi,12(t)
|+2 i i+3 i+l
-t £, —t
i B, ,(t) = B, (t) + — B3 (t)
|+3 ti 1:i+4 _ti+1

Because we are dealing with cubic splines, the recursion ends at 4.




/

Rational Cubic Polynomial Curve
sSegments

e General rational cubic curve segments are ratios
of polynomials:

()= Ly = S (1) = £

W (t) W' W)
e Where X(1), Y(t), Z(t) and W(t) are all cubic
polynomial curves whose control points are
defined in homogeneous co-ordinates.

~




/

Rational Cubic Polynomial Curve
Segments

e We can think of the curve as existing in
homogeneous space as: ) =[x () Y() z{t) W]

e Moving from homogeneous space to 3 space
iInvolves dividing by W(t).

e We can transform any nonrational curve to a

rational curve by adding W(t)=1 as a fourth
element.

~




Non-Uniform Rational B-splines
(NURBS)

e The polynomials in a rational curve can be Bezier,
Hermite, or any other type.

e If they are non-uniform B-splines, they are called
NURBS.

e The rational curves are useful because:

e They are invariant under rotation, scaling,
translation and perspective transformation of the
control points.

e The alternative to rational curves would be to

generate points on the curve itself, and then
transform them... a much less efficient process.

~




Parametric Bicubic Surfaces

e A generalization of parametric cubic curves.

e We have: Q(s)=S-M -G where G the geometry
vector is a constant, and s is the parameter.

e If we now allow the points in G to vary in 3D along
some path, parameterized on t, then we have:

Gy (t) |
G, (t)
G, (1)

G, ()

Q(s,t)=S-M-G(t)=S-M -




Parametric Bicubic Surface

e For fixed t;, Q(s,t) Is a curve, because G(t) is
constant. For t,,, Q(s, t,,) is a different curve.
* Repeating this for many other values of t

between 0 and 1, an entire family of curves is
defined, each arbitrarily close to another curve.

e The set of all such curves defines a surface.

e If the G,(t) are themselves cubic polynomials,
then the surface is a parametric bicubic surface.




Parametric Bicubic Surface

e If each G(1) is a cubic polynomial, then they can
be represented as: G, (t)=T-M -G,

| T
e where: Gi :[gil Jio 0, gi4]

e Hence g, is the first control point for curve G (t),
and so on.




e Now, using the identity: (A-B-C)'=C".B".AT

e Wwe have: Gi t)=T-M ’Gi

=G -MT.TT

:[gil O,  0is gi4]'MT'TT
e Giving:

Q(s,t)=S-M-G-M"-T'0<s,t<1




Parametric Bicubic Surface Definition

* Expanding; 9y On O
Q(S,t):S°M . ng 922 g23

g31 932 g33

e SO 1041 Y2 Yu

X(s,t)=S-M -G, -MT-T"
y(s,t)=S-M-G,-MT-TT
2(s,t)=S-M-G,-MT-T"

14

024 |

a4

Ous_




Hermite Surfaces

e Given the general form, now we look at ways to
specify surfaces using different basis and geometry
matrices.

e Hermite surfaces are completely defined by 4x4
geometry matrix G,,.

e Expanding just x(s,t) we get: i
A (t)

D4x (t)
?1)( (t)
Q4x (t)_

X(s,t)=S-M,, -G, (t)=S-M,, -




Hermite Surfaces

e The functions P, (t) and P, (t) define the x
components of the starting and ending points
for the curve in parameter s.

o Similarly, R, (t) and R, (t) are the tangent
vectors at these points.

e For any value of t, there are two specific
endpoints and tangent vectors.




/
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Hermite Surfaces

e This shows P1(t) and P4(t) and the cubic in s that is
defined when t=0.0, 0.2, 0.4, 0.6, 0.8 and 1.0.

e The surface patch is esssentially a cubic interpolation
between P,(t)=Q(0,t) and P,(1)=Q(1,t), or
alternatively between Q(s,0) and Q(s,1).




Hermite Surfaces

e In the special case that the four interpolants
Q(0,t), Q(1,1), Q(s,0) and Q(s,1) are straight lines,
the result is a ruled surface.

e If the interpolants are coplanar, then the surface
Is a 4-sided planar polygon.

e We can derive x(s,t) as before, (y and z follow, as
usual):

X(5,t)=S-M,, -G, -M].T"




Bézier Surfaces

e The Bezier surfaces can be derived in exactly
the same way, as:

X(5,1)=S-Mg-Gg -Mg -T'
y(s,t)=S-Mg -Gy Mg -T'
2(s,t)=S-My-Gg -Mg -T'

e The Bézier geometry matrix Gz consists of 16
control points.




A Bézier Bicubic Patch




Bézier Patches

e These surfaces are attractive in interactive
design.

e Some control points interpolate the surface,
giving precise control, and the tangent vectors
also can be controlled explicitly.

e Their convex-hull properties and easy subdivision
are also attractive.




Rendering Curves and Surfaces

e One way of rendering a curve or surface is to
compute intersections with rays from the eye
through each pixel.

e costly for real-time rendering

e Another approach is to evaluate the curve or
surface at enough points to approximate it with
standard flat objects (i.e. lines or polygons)

e Recursive subdivision techniques can also be
used and are very efficient - good for adaptive
rendering.




Curves and Surfaces in OpenGL

e OpenGL supports Bézier curves and surfaces
thourgh mechanisms called evaluators.

e These are used to compute values for the
Bernstein polynomials of any order.

e Evaluators do not require uniform spacing of
control points, and can be used to generate
other types of polynomial curves and surfaces.




Evaluators in OpenGL

e The OpenGL evaluator functions allow you to use a
polynomial mapping to produce vertices, normals,
texture coordinates, and colors.

 These calculated values are then passed on to the
processing pipeline as if they had been directly
specified.

 The evaluator functions are also the basis for the NURBS
(Non-Uniform Rational B-Spline) functions, which allow
you to define curves and surfaces




Evaluators in OpenGL

e A one-dimensional evaluator is defined by:

gIMaplf(type,u min,u max,stride,order,point_array)

e target defines the kind of values that are generated by
the evaluator, e.qg.

* GL MAP1 VERTEX 3: Each control point is three floating-point
values representing x, y, and z.

* GL_ MAP1 NORMAL: Each control point is three floating-point
values representing the x, y, and z components of a normal
vector.

e GL MAP1 TEXTURE_COORD_X: Each control point holds the
texture coordinates.




Evaluators in OpenGL

ul, u2: defines the domain for parameter u.

Stride: The number of floats or doubles between the
beginning of one control point and the beginning of the next
one in the data structure referenced in points. This allows
control points to be embedded in arbitrary data structures.
The only constraint is that the values for a particular control
point must occupy contiguous memory locations.

Order: The number of control points. Must be positive.
Points: A pointer to the array of control points.




Bézier Curves in OpenGL

e For the one-dimensional evaluator:

gIMaplf(type,u min,u max,stride,order,point_array)

e Example:

GLfloat pts[4][3] = {{-2.-0, -2.0, -1.0},
{-1.0, 2.0, 1.0},
{1.0, -2.0, -2.0},
{2.0, 2.0, 3.0}};
glMapl1f(GL_MAP1 VERTEX 3,0.0,1.0,3,4, &pts[O][O0]);
glEnable(GL _MAP1 VERTEX 3); //enable evaluator




Bézier Curves in OpenGL

e Once an evalutor has been set up, we generate the
values from the active evaluator as follows with
glEvalCoordlf(u):

glBegin(GL_LINE_STRIP);
for (i = 0; i <= NUM_STEPS; i++)
glEvalCoordlf((GLfloat)1/NUM_STEPS);
glENd();

e Alternatively, if the values of u are equally spaced, we

can use: ]
gIMapGridlf(NUM_STEPS,0,1);

glEvalMesh1(GL_LINE,O,NUM_STEPS);




Bézier Surfaces in OpenGL

e Surfaces are generated in a manner similar to curves,
using the functions giMap2, glEvalCoord2, glIMapGrid2f
and glEvalvMesh2 Instead.

e For example, set it up with:

gIMap2f(GL_MAP2_VERTEX_3, 0, 1, 3, 4,
0, 1, 12, 4, &ctrlpoints[0]][0]);
glEnable(GL_MAP2_VERTEX_3);

e then render with:

gIMapGrid2f¥(8, 0.0, 1.0, 16, 0.0, 1.0);
glEvalMesh2(GL_LINE,O,NUM_S_STEPS,0,NUM_T_STEPS);




NURBS functions

e Evaluators can be used to generate non-uniform
spacing of points also.

 Any polynomial form can be converted to Bezier
form by proper generation of control points.

e The OpenGL GLU library simplifies these steps by
providing a set of NURBS functions.

* These allow finer control of the shape and
rendering of the surface.




